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Abstract: The purpose of the paper, the main research process and the methods adopted, the main
results and important conclusions should be expressed clearly in concise and clear language. If
possible, mention as stated in Basel accord, the Creditrisk+ is a main tool for running stress testing
in a credit portfolio. There are some modifications to original format of this protocol. In the current
manuscript, in a sub-credit portfolio with heterogeneous obligors, with the same nonrandom
probability of default, some limiting behaviors of total loss of portfolio are studied. In the case of
random and correlated probabilities of default with ARTA models (autoregressive to any things
model), by the Eigen analysis, some other limiting distributions are proposed. Finally, simulation
results are proposed to verify some parts of the limiting results.

Keywords: ARTA Models; Basel Accord; Creditrisk+; Eigen Analysis; Heterogeneous Obligors;
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1. Introduction

Traditionally, there are three main approaches in the literature to quantify the credit risk of a
credit portfolio. They are (i) financial engineering-based distance to default of Merton, (ii) the use of
financial ratios and analyzing them using econometrics methods such as panel and logistic
regressions, and (iii) the actuarial method referred to Creditrisk+. These models help financial
institutions such as banks to evaluate their risk profiles and manage them by computing risk
measures such as value at risk and running credit stress test according to the Basel accord guidelines.
For a comprehensive review in Creditrisk+ and its extensions, see Gundlach and Lehrbass (2020).

In this paper, some modifications are proposed to distribution of total loss of credit portfolio.
Creditrisk+ model considers the sum

Ln = Xj=1 Vjnljn
as the normalized total loss of a given credit portfolio where there are n obligors at which j —th
obligor defaults I;, = 1 or zero, otherwise, see [1]. The normalized exposure of j —th obligor is vj, €
(0,1). It is a non-random value. Suppose that the probability of default for all obligors is p,. This
assumption happens in practice in a sub-portfolio with heterogeneous obligors in probability of
default obtained by data mining clustering technique such as k-means, see [2]. It is also assumed that
Pn— 0 as n— oo,

see [3]. In this note, motivated by [4], the limiting behaviors of L, for largen's are studied as
follows:

a) Non-random exposures.

DOI: https://doi.org/10.54560/jracr.v16i2.498 185




Reza Habibi / Journal of Risk Analysis and Crisis Response, 2026, 16(2), 185-199

Here, it is assumed that exposures are non random variables. Two cases are proposed:

a,) Limiting case. Let

j
Vin = Vn (H)
for some real values function v,(t) which converges to some v(t) uniformly. In practice, this is

done using spline technique of numerical analysis or basis function representation in topological

data analysis; see [5]. Let

1
Xn(®) = ===521(ln — Pu),
t e (0,1).
Here, X, (t) converges in distribution to standard Brownian motion on topological space D[0,1], see
Billingsley (1968). Notation [.] stands for the integer-value function. Notice that
Lp = XL vin(jn — Pn) + Pa L1 Vjn =

=4 npn(1 - pn) X

S () (G e

=1
= /npa(T = py) J, Va(©) dXn (1) + npy, J v (Dt
Let n - oo, assuming
np, > A>0

and 1—p, — 0, then L, converges in distribution to

VA v(©) dW() + A [ v(Ddt =
VA [, v(t) dB(Y),
where
B(t) = W(t) + Vat
is the Brownian motion with a drift. As n - oo, then L, has normal distribution with mean
'y 01 v(t) dt and variance A fol v2(t) dt. Thus,

1-4 fy v()dt
A f01 vZ(t)dt .

a,) Optimal control. Suppose that dv = a(t,v,u)dt represents a differential equation for v(t). To

PL,<D) > &

maximize P(L, <1) with respect to v(t, u), it is enough to minimize
fol Vit u)dt,j=1,2.
Let T be the importance weight of
) 01 v(t,u) dt,
therefore, the optimal control problem is given by
min, fol(v2 (t,u) + tv(t, w))dt,
with respect v assuming
dv = a(t,v,u)dt.
The rest of paper is organized as follows. In the next section, some theoretical expansions are

proposed. Simulation results are given in section 3.

2. Extensions
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In this section, some extensions to proposed problem in section 1 are given.

b) Random exposure case.

Here, it is assumed that exposures are random variables. Again, two cases are proposed:

b;) Uniform exposures. Assume that Vin,j =1,..,n are independent random variables uniformly

distributed on (0,1). Let vy.y, ..., V., be the order statistic of vj,,j = 1,...,n. Rewrite

n = 2j=1 Vi liin
where [j,;, the indicator is corresponding to vj,. Let Ej;j=1,..,n+1 be a sequence of n+1
independent exponentially distributed random variables. One can see that

El El + EZ Z;‘ 1 '
(Vips oo Vi) =4
: : Zn+1 E Zn+1 E Zn+1 E

Therefore, S,, is distributed as

Z Zk 1Ek
j= 1Zn+1Ek ]n

Following the above scheme, it can be seen that L, converges in distribution to

VA [, T(t) dB(D),
where T'(t) is the gamma process. For other distribution of v;,, the beta distribution has flexible
shape to fit to vj,. Then, the Monte Carlo simulation and kernel density estimation are powerful
methods to fit distribution to L.

b,) Non-uniform exposures. Here, the uniform assumption of exposures is relaxed and instead

distribution of an upper bound of L, is approximated. Notice that
Ly =2 vinNp
where N, has the limiting Poisson distribution with parameter A. Indeed,
P(L, £x) £ P(vinN, £ X).
As follows, an approximate distribution is derived for vy.,. Let F be the distribution function of vy,

and g be the first natural number at which the g —th derivative of F computed at zero is not zero,

ie.,
F®(0) # 0.
Consider
w, = n'/8y, .
Let

G = FO0) /K,
k=gg+1,...

Note that the distribution function of wy, is

F(w)=1-(1—F (&))".

Using the Taylor series of F (#) around zero, it is seen that

w lgw8 | gy wBTL
F(nl/g) = gn + 142 s
n 8

Cg

Substituting this expression in F,(w) and keeping term and removing all the next terms in

right side hand of above equation, it is seen that
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Ggw®

Fa(w) =1 (1%

)"
Assuming n —es, it concludes that F,(w) converges to

F(w) =1—e %" =

w
=1—exp (—(—)%
Ce

Thus,
w, = n/8v,.,
has the Weibull distribution with scale and shape parameters Zg_l/ 8, g, respectively.
Assuming
P(L, < xg) =6,
therefore,
P(vynNp < x9) = 6.
To find xg, samples N,, from Poisson distribution with parameter A are generated. Again, samples
wy, from Weibull distribution with parameters
58 g
are generated and
Vin = n8wy
are computed. Then, v;.,N,'s are computed. The first point at which the empirical distribution
function of v;.,N;, is larger than 6 is the xg.
c) Random p,. Creditrisk+ extended model assumes that the probability of default is random
variable, hence assumes a statistical structure for it. Assuming p, is a random variable such that
np, converges in probability to 4, i.e.,
np, =P A

One can see that

T va(2
E(Lnlpn) = +()

np, -P )\fol v(t) dt
Var(Lnlpn) =
i
tavh (3)
= 2 A (1= py) -7

SP A S VA dt.

Following [5], let p, = m, Z]-Nil wpjy; be a linear combination of M independent risk factors
represented by M gamma distributed random variables y; with parameters ;' and B;, 1 <j <M.
Here, wy; is the share of j-th risk factor and m, is the normalized factor. Rewrite p, as

Pn = X2 Ty Wi BT
In the special case, suppose that
__B
- nt, f;
forsome B > 0 and [}'s are independent gamma distributed random variables with parameters ;"
and 1. Here,

(L)H]'

np, = A= BZ]Dil l—‘]
has gamma distribution with parameters 31, B;* and B~*. This distribution plays the role of prior

distribution. Beside this, notice that L,|A has normal distribution with mean
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A S, v(®dt
and variance
Af, vA(Ddt
and A has gamma distribution with parameters 31, 3;* and p~*. This is the likelihood function
after observing the loss L,. Thus, using the Bayesian theorem, the posterior distribution is
achievable. Here, the Monte Carlo Markov Chain (MCMC) method may be applied to propose the
posterior estimate of A (equivalently py).
[6] proposed a simple method for running MCMC method. Given observed loss L,, = I, samples
are generated from posterior density g(A|l) using weighted bootstrap as follows:
1. Generate A;,i =1, ..., B from prior gamma distribution.
2. Compute bootstrap weights
L@z
q; = ZleL(Aj;l)'l =1,..,B
where L(A;1) is the likelihood (density) function of normal distribution with mean and variance
Afv®)dt, A [ v () dt,
respectively computed at 1.
3. Generate bootstrapped samples A; using weights q;'s and compute the sample mean A*.
4. Repeat steps 1-3 B times to derive X*,;b = 1, ..., B and finally compute

B =
A_*B — Zb:1 A*b
—B .

The maximum a posteriori (MAP) estimates of A is proposed by maximizing g(A)L(A;1) where g(A) is the

density of gamma distribution with parameters 1,1. It is equivalent to maximize

-1/2 -15% 11
A exp (= - 52
It is concluded that
V14 3312 -1
5.5 '

d) ARTA p,'s. Creditrisk+ extended model assumes that there is correlation between probability of
default of obligors exist in the credit portfolio. Thus, by adding new comer obligors the value of p,
is changed, significantly. In the literature, a strong approach for modeling correlations in a portfolio
is the copula function approach. However, in the current paper, motivated by [7], the autoregressive
to anything (ARTA) model is applied.

Furthermore, we assume that as soon as new comer obligors enter to heterogeneous credit portfolio,
the portfolio is still heterogeneous, however, the common probability of default is changed.
Hereafter, two types of ARTA models are proposed.

d;) ARTA: type 1. Consider

Pn = Ty Z]]\il WyjYij-
Let
Wy = (Wpg, ) (*)nM)’
Y =1 ¥m)'
and note that
Pn = T[II(D;IY‘

It is easy to see that
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T[n
p =
"oon

Pn-1t+ T[n(wn - wn—l)’Y-
n-1

To make sure that np,, converges in probability, it is enough to suppose that nm, goes to zero and

Wy, — wp_1 goes to zero. As special case, assume that wp; = w; is independent of n and let
_1yM
Pn = ;Zj:;l W;Yj-

Generally, let

Th

a, =
Th-1

which converges to 1 and

by = T (0n — 0n—1)'
tends to zero. Therefore,

Pn = anPn-1 + byy.
This is a type of ARTA models. Let A, = np,,.
Notice that
A = ni—lanln_l + nbyy.
The variance of nbyy is also an important quantity to make sure that A, converges in probability
and it is necessary that variance of nbyy is close to zero. Notice that
var(nbly) = n?bjvar(y)b,,.
As nb, goes to zero, therefore, var(nb;y) gets small. Hereafter, the variance matrix var(y) and its
empirical estimate are studied. Let (t;,€;),i =1,..,M be the eigenvalues and eigenvectors of var(y).
Therefore,
var(y) = XL, Tieje;.
Therefore,
var(nbpy) = XiL; Ti(nbpe;)?.

Following principal component analysis (PCA), let m < M such that

ZiZ; Ti(nbhe;)? ~ 0.95.

Xt Ti(nbje;)?
Therefore,

YiZ; Ti(nbpep)?
is good approximation for empirical estimate of var(nbyy). [8] used the Eigen analysis of PCA to
noise filtering in correlation matrix. Hence, quantity
Y1 Ti(nbhep)?

relates to noise of empirical estimate. This technique has two advantages i.e., the dimension
reduction (since m « M) and variability reduction of empirical estimate of var(nbyy). [9] proposed
two methods to approximate empirical estimate of var(y) by Toeplitz matrix of AR(1) process. They
also suggest the Toeplitz approximation with discrete cosine transform for simplification of
computations.
d;) ARTA: type 2. Other type of ARTA model may be proposed. Let a, is close to 1 and , = byy,
then

Pn = Pn-1 + Zn

where
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1
var((n) < W

for some & > 0. Let A, = np,. Therefore,
}\n - }\n—l =Ppn-1 Tt (n'

Thus,
ElAn = Anq|? < 55 = 0.
Therefore,
A 2P A
Let
Xn = q)_l(pn)r

where @ stands for the distribution function of standard normal distribution and ®~! is its inverse.
Define

Xn = Xn-1 t &p,
e . . 1
where g, has normal distribution with zero mean and variance less than —5.
n

e) AR(1) approximation. In the case of correlated risk factors, the Credirisk+ assumes the risk factors

y; given latent variable I' are independent and each y; has gamma distribution with shape

parameter I'/B; and scale parameter B;. The T, itself, has gamma distribution with parameters o2

and o?. It is seen that the unconditional variance of y; is 6% + B; and unconditional covariance
between y; and vy;j is 02. Thus, the unconditional correlation is

0.2

NG CE
= (1+ /0?5 (1 + +B;/0%)™°% =
= exp (—%(log (1 + Bi) + log<1 + %))).

o2

Using approximation log(1 +x) = x, it is seen that

Bi +B)
pjj = exp (- #)-

Here, using the [10], the correlation matrix
cor(y) = (pi]')?,/jlzl
is approximated by employing AR(1) model with Toeplitz correlation matrix which is given by
@ij=1 = @D

forsome 0 < a < 1.Let

0
a=exp (_ﬁ

for some 0 > 0. Notice that

Pij _ exp (— (B + Bj)e —li— ]'|).

202

ai]-
To minimize
Pij ..
| = — 1|, for all i,j,

alj

it suffices to choose 0 such that
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i21(B; — 6i)?
is minimized. Indeed,
— Z}\iﬂﬁi
0= ST

As soon as, 8 converges to zero, or o® tends to infinity, then Toeplitz correlation matrix is
approximated by discrete cosine transformation matrix, see [11].

f) Adaptive filter for p,. Here, motivated [12], a Kalman filter is derived for p,. For large n's, the p,

has normal distribution with mean p, and approximated variance
ﬁn(l B f)n)
n
(using Slutsky theorem). Notice that

Pn =apPn-1 t Z]]\il banj/

where y; has gamma distribution with mean 1 and variance 0]-2 and

bnj =Ty (wn]' - wn—l,j)
at which

Ty

ap = .
Th-1

Following [10], suppose that the posterior mean and variance of p,_; are

@n-1and Mi_;.
Therefore, the mean and variance of prior of p, are

an@Pn-1 + Kin, aﬁﬂiq + Kan,

respectively, where

Kin = Z]Nil bnjr

Kon = Z]]\il brzlj'
Thus, the updating Kalman-type estimates are given by

Pn = a- Zn)an((pn—l - K1n) + ZyPn,
where
apna-1 + Kan

Pn(1 —pn)’
* n

Zy =
aini_; + Kan
and
1 n 1
—2 == — + 2.2 .
MNa pn(l - pn) apNn-1 + Kan

In practice, distribution of

Zj]\il bnj Yj
is approximated by a chi-squared distribution using the Satterthwaite method and quantities x;y,i =
1,2 are computable, more easily.

¢) Number of defaults. Let

Ih =2
be the numbers of defaults in a credit portfolio. The I, /n is the empirical estimate of probability of
default p,. Here, the behavior of I, is studied. In the case of random p,’s, given p,, the I, has
binomial distribution with parameters n and p,. Form the Bayesian inference point of view, some

prior distributions for p, are required. Creditrisk+ considers a normalized (with normalizing factor
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1,) linear combination of gamma distributed risk factors y;’s with unit means and variance o7, that
is
Pn = Ty Xit1 WniYi-
In special cases that m,wy; is independent of n or using the Satterthwaite approximation (see [11]), it
can be seen that p, has the exact or approximated gamma distribution. Let p, = E(p,) and 9% =
var(p,). Here, to simplify the computation of Bayesian posterior distribution of p,, the conjugate
beta prior distribution
beta(01p, 02n)
is chosen. Because of flexibility of shape of beta densities, see [11], using the matching moment
method, 6;,,0,, are selected such that the first two non-central moments of beta(8,,,0,,) and p,
are matched, i.e.,
O1n

e1n + eZn —Hn

01n(61n+1) — 192
(01n+62n)(01n+02n+1) n

It is easy to see that
e1n = Cnln
B0 = Cn(l - un)'
where

"= %;“) -1
In this way, the gamma density of p, is well approximated by
beta(81y, 02n)
density. For posterior stage, motivated by [12], notice that using the Bayesian rule, the posterior
distribution is beta distribution with parameters
Oin = In +81n
on =N — I + 05,
These parameters are updated using the following rules:
01n = 01n-1 +Jn + 810,
620 = 0201 + (1 = Jn) + 82n,
where
81n = 01n = B1n1
82n = 020 — O 1.

For prediction of I, ;4, using the Bayesian predictive posterior expectation, notice that

*

in
E(I I, ... 1)) =—0——=
(n+1| 1 n) e;n‘f‘e;n
In e1n
=0 |=)+Q1-0)——
<“(n) 1=%) O1n + 02

which is a weighted average (mixture) of empirical estimate I;“ and prior estimate

eln
e1n + eZn’

of p, with mixing weight {, = ﬁ.
in 2n
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3. Simulations

Here, some parts of above theoretical results are simulated.

Case 1. Let vj,'s are independent and uniformly distributed. To find function v, (t) such that
an = Vn(j/n);
the regression method is applied. To this end, let
- J :
vnl(vjn) == +gnj=1,..,n

For n = 100, the scatter plot of

shows that

t
fo V1g0(s)ds
is approximated by t. Thus,

vit) =1
and
fotv(s)ds = fotvz(s)ds =t
Hence,
P(LIOO < l)
is approximated by
*(5)

Let 1 = kA. Then,
P(Ligo <) = ®((k— DA).
Assume that A = 0.1. The following figure gives the plot of
P(Lygo > 0.1(k — 1))
for various values of k € (2,5). It is seen that as k gets large, then
P(Lygo > 1)
reduces to zero, linearly.
Insert Figure 1, here (See Appendix A)
Case 2. Here, vj,'s are distributed uniformly on (0,1). The following figure gives the histogram of
L,y based on two expressions

21 iz ) (A)

I
20 4)j=17)
= I' B
1_12j2=115j 1 ( )

which are equivalent in distribution. Here, Ej's are independent and exponentially distributed with
parameter 1.
Insert Figure 2, here (See Appendix A)
Case 3. Let vji90's j=1,..,n =100 are independent and distributed as beta (2,3) law. Here, a
Weibull distribution is fitted to v;.199. Let a and b be the shape and scale parameters of Weibull
distribution. The standard maximum likelihood method estimations of parameters contain
optimizing a non-linear function, numerically. Here, a simple method is chosen based on quantile
function which is given by
vp = b(=log(1 — p))*/2.
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For two py, p; and two quantiles vy, and v, , notice that

Ypi _ (108(1—]?1))1/3

Vpo log(1-po)
Let
'
Pi
zi = log (=
VPo
and
_ log(1-p;)
YI - log (log(l—po))'
Thus,
a=24

Zj

For i =1,..,n quantiles, then the least square estimate of a is

n
Zn
The mean of Weibull distribution is
br (1 + —)
a
Thus, the estimate of b is given by
Vn
r(1+§)'

It is seen that a = 2.27,b = 0.04.
Case 4. Suppose that distribution of p,_; is

beta(an—b an—l)/
for some sequences a,'s. For n = 25, assume that 122—55 = 0.3. Then, the predictive expectation

E(126|Ik, k = 1, o ,25)

is given by
E; = 0.5 — 0.2,5,
where
25
o5 = 25+ 2a,5

The following plot gives the sensitivity analysis of mentioned conditional expectation with

respect to a,s. Next, assume that n tends to infinity, and again let I:"z 0.3 and a,/n tends to a.

1
Therefore, ¢, approaches to —-.

The following figure shows the plot of
E, == E(l,/luk=1,..,n—1) =

Insert Figure 3, here (See Appendix A)

Case 5. To approximate the correlation matrix of y by correlation matrix of AR(1) process, let
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s
For M = 2, when B;'s are independent and have common gamma distribution with parameters 1,1.
The histogram of 6 is given as follows. The exact moment generating function of 6 is
25

(5-t)(5-2t)"
Using the Monte Carlo simulation, an approximate gamma distribution gam(1.67,0.375) is fitted to
0.

Insert Figure 4, here (See Appendix A)

Case 6. Let v(t) = t. Then, L,|A has normal distribution with mean A/2 and variance A/3. Let M =

2, Bj=2,j=1,2 and B = 1. Therefore, A has prior gamma distribution with parameters 1,1. The
following plot gives the posterior density histogram of A, using the Smith and Gelfand algorithm.
Insert Figure 5, here (See Appendix A)

Appendix A
2 4 : M 1o
kK
Figure 1. P(Lyoo > 0.1(k — 1)).
Histogram of A
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Figure 2. Histograms of L, based on method A, B.
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Figure 4. Histogram of 6.
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Figure 5. Histogram of Posterior of A.
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